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Abstract

Models in cognitive science typically explain behavioral patterns by positing the
kinds of computations, often presumed suboptimal, that the brain might implement.
Implicitly, these computations are assumed to operate on representations that faithfully
reflect the relevant information. In the brain, however, representations are imprecise,
with broad repercussions for many cognitive processes. Here we develop the basis for
a theory of imprecise representations, and we draw out some of its implications. From
a single principle of efficient coding, we derive four quantitative laws of psychophysics,
which we show are verified in data. These results, supported by neural evidence, suggest
that imprecise representations are strongly context-dependent, and help explain many
behavioral patterns across perception and decision-making.

A venerable theoretical tradition in cognitive science treats the mind as an information
processing system that performs computations over internal representations. Cognitive
scientists thus seek to infer people’s computational strategies in various tasks, such as: how
they search through problem space in problem-solving tasks; how they update expected
values, in reinforcement-learning scenarios; how they weigh gains and losses and distort
probabilities in decisions under uncertainty; and how they implement belief updates in
inference tasks. Many theories propose explanations regarding how people manipulate
the information presented to them, implicitly assuming that this information is perfectly
represented. Consider, for example, risky choices between lotteries. Here the information to
be processed is minimal: just a few unambiguous numbers (e.g., ‘$1 with probability 0.5").
In traditional models, these numbers undergo in the mind of the decision-maker a series
of transformations (e.g., utility function, probability-weighting function, and comparison)
that determine the decision. Behavioral patterns are then explained as resulting from the
properties of these computations.

We propose instead that the information presented in most tasks is not precisely rep-
resented in the brain, with far-reaching consequences for decision-making. Numbers,



Highlights

Human cognition and decision-making rely on internal representations that are
inherently imprecise.

Recent theoretical, behavioral, and neurophysiological results provide a coherent
quantitative account of such imprecise representations in the case of magnitudes.

A single endogenous efficient-coding principle yields four quantitative psychophys-
ical laws, linking prior, task demands, imprecision, and bias, and supported by
evidence across multiple paradigms.

Representations are context-dependent, adapting to both stimulus statistics and the
observer’s objective.

Neural evidence supports flexible range adaptation, with coding resources dynami-
cally reallocating across stimuli.

Imprecise representations explain a broad range of behavioral patterns.

to continue our example, are mapped to internal representations that are imprecise (in
ways we detail below), such that the numbers cannot be unambiguously recovered from
them. Yet it is on these ‘fuzzy’ representations that decisions are made. In risky choices,
behavioral and neurophysiological results demonstrate that cognitive imprecision accounts
for choice behavior'~, in departure from traditional theories of risk attitudes. This suggests
that before studying complex human decisions, it is useful to first understand how the
brain represents the elements that inform them.

A theory of representations would provide sound foundations for more complex cogni-
tive models of decision, inference, learning, memory, etc. We argue that such a theory is
within reach, at least for magnitudes, such as dollar amounts and probabilities, as in the
example above, but also other kinds such as durations, distances, temperatures, ratings,
and so on, and potentially more abstract concepts that lend themselves to comparisons (e.g.,
“better than”, “tastier than”, etc.). Such scalar representations are fundamental to many
perceptual and decision tasks, including many economic decisions; accordingly, behavioral
economists have shown growing interest in various kinds of imperfect information process-
ing®'%. We present the theoretical efforts undertaken in this direction, the experimental
results supporting them, and the predictions that remain to be tested.

The theory we present, in its current state, is a careful formalization of the idea that
the brain forms optimal representations, subject to the constraints under which it oper-
ates. This perspective is related to efficient coding (see Glossary) in neuroscience'*,
computational or resource rationality in cognitive science®™*, and rational inattention in
economics®!!. Each of these frameworks proposes that the brain optimizes some objective
under some constraint; but none seem to agree on the objective nor on the constraint®. Yet
these elements determine representations in these models, and should therefore be clearly
identified. Recent theoretical and experimental work has made progress in the simple case
of magnitudes, with important implications for psychophysics and decision-making.

Indeed this theoretical framework predicts laws of psychophysics, including long-
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established laws (e.g., Weber’s law), but also new laws that we show are verified in data,
and new laws that have yet to be tested. In particular, it predicts non-trivial scaling laws for
the variability of percepts and for biases. We emphasize that all the behavioral effects we
present here are derived from first principles (in fact, from a single equation). The goal is to
unearth these fundamentals, rather than to exhibit behavioral curiosities. We also point to
neural evidence that directly supports the theory.

The most important lesson that emerges from this body of work is that representations
are exquisitely sensitive to the context in which they are needed. For instance, the repre-
sentation of a magnitude is different depending on whether it is used for estimating the
magnitude, or for comparing it with another magnitude. In other words, representations
depend on what they are used for. In addition, they depend on the statistics of the rep-
resented information (i.e., the prior). The argument is not only that context influences
decisions (as Bayesian decision theory predicts), but that it determines representations, on
which reasoning and decision-making operate. This sensitivity has important implications
for the study of human cognition. Careful attention should be paid to the precise conditions
under which behavior is elicited; these conditions shape representations, and therefore
they shape cognition, and behavior.

A theory of magnitude representations: endogenous efficient
coding

Given an observer presented with a magnitude z, our objective is to formulate some
description of the representation r elicited in the observer’s brain. The theory we present
instantiates the principle of efficient coding, i.e., the notion that the brain chooses optimal
representations, under constraints. This is formalized as an optimization problem. We
then show that from this single optimization problem follow four laws of psychophysics
that are widely supported in data.

Characterizing representations To define the optimization problem, we must specify
what is optimized over. Here this is the ‘encoding’, i.e., the distribution p(r|x) of the
representation r conditional on the magnitude . In economics, this would be called the
‘signal structure’. In neuroscience, this means for instance choosing neuronal tuning curves,
i.e., specifying how the (stochastic) neural activity encodes the magnitude, a complex and
often ill-defined problem. Instead we characterize the encoding by its Fisher information,
I(z), which quantifies its precision (Box 1). Different neural implementations may induce
the same Fisher information, and are therefore equivalent for our purposes: working with
I(z) allows us to abstract away from idiosyncratic features of the code (e.g., the precise
parametrization of tuning curves) and to formulate general principles of neural coding.
This provides a compact description of representations while retaining direct links to be-
havior: in the small-noise regime, the standard deviation of estimates and the discrimination
threshold, or just-noticeable difference (JND), are both approximated by o(x) = 1/1/1(x),
and it also defines an important component of the bias (see Box 1 and Eq. 19). We make one
structural assumption on the encoding: we assume that it results from the accumulation



of n independent, identically-distributed signals (‘samples’), each with Fisher informa-
tion /;(x). The resulting total Fisher information is the sum /(z) = nl;(z). Increasing n
improves the overall precision of the encoding, while by choosing the function I, (z), under
some constraint, detailed below, one can choose to be more precise about some stimuli
than about others.

Box 1: Fisher information: key properties and implications

The neuroscience of perception suggests that representations materialize in the
activity of sensory neurons, whose stochastic firing patterns depend on stimuli,
which are thereby thought to be encoded. The precision of the representation is
therefore the precision of this neural code. Two stimuli will easily be distinguished if
the neural patterns they elicit are different. The Fisher information, /(z), formalizes
thisidea. Itis a function of the derivative of the probability distribution characterizing
the neural activity, p(r|z), with respect to the encoded stimulus, z. Thus it measures
the sensitivity of the encoding to . Formally,

I(z)=E [(%logp(r]gr;))2 } x} : (1)

Properties The Fisher information has several important and useful properties.
Consider a stimulus z, encoded in n stochastic signals collectively denoted by r, with
total Fisher information /(). For the Bayesian-mean estimator, &(r) = E[z|r], (i) the
variance of the estimator, Var[Z|z], (ii) its mean squared-error, E[(2 — )?|x], and (iii)
the variance of the Bayesian posterior, Var[z|r], are all approximately (with large n
and under regularity conditions®*3¢)

1
2

We clarify that here o(z) is not the standard deviation of «: rather, it is the imprecision
of the estimator when the stimulus is =, where ‘imprecision’ can be understood in
any of the senses (i-iii) above. (We focus on the first two, but experimental measures
of the third one, i.e., of observers’ uncertainty, indeed correlate with the first two 7))
This property is useful to characterize the loss in an estimation task (e.g., quadratic
loss; see Box 2) as well as the behavioral data. Indeed o(z) approximates the standard
deviation of estimates, in estimation tasks, and it can be shown that it is proportional
to the discrimination threshold (or JND), in discrimination tasks.

Another important property is that the variation of the Fisher information across
stimuli affect the bias of the estimator, by pulling it towards the less-precisely encoded
stimuli (‘encoding effect’; see Fig. I in this box, and Eq. 19).
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Fig. I: Encoding effect: a bias toward less-precisely encoded stimuli. In this
illustration, the Fisher information for x; is greater than for z, (top panel). Thus
the representation r is more precise for z; than for x, (narrower distribution p(r|z);
bottom panel). Given a realization 7 of the representation that could result from either
T1 Or Ty, the likelihood of z, is greater than that of x4, (i.e., p(r = 7|z2) > p(r = 7|x1)),
due to the stronger specificity of the encoding for z;. This greater likelihood induces
a bias toward x5 over z;.

Another property of the Fisher information that we use is that for independent signals
it simply sums, i.e., n signals with Fisher information /; (x) together have total Fisher
information I(x) = nl;(z).

Capacity constraint Finally, given a differentiable transformation z = ¢(x), the
Fisher information with respect to z, I, (%), is related to the Fisher information with
respect to z, [,(x), as

L;(x) = L(¢(x))(¢'(2))*. (3)
Informally, the sensitivity to z is equal to the sensitivity to z = ¢(z) times the sensitiv-
ity of z to # (chain rule). An important implication arises if the encoding must occur
through a fixed, unchanging ‘channel’, p.(r|z), such that p(r|z) = p.(r|z = ¢(z)),
with ¢ invertible, and where z describes for instance some internal, psychological
scale. From this assumption follows the inequality’:

VI (x)dr = VI.(z)dz < V/ I.(z)dz = constant, (4)
Dy D) D.

o(

where D, is the domain of x and D, that of z, and where the last integral is assumed
finite. Thus even if one is free to choose the ‘transducer’ function, ¢, the fixed-channel
assumption puts a capacity constraint on feasible encoding schemes. Conceptually,
the capacity constraint is that the total Fisher information across the stimulus space
is bounded. This is this constraint assumed in Eq. 11.




Loss function The choice of representation is guided by a loss function. We posit that
representations are chosen to optimize what the observer is currently trying to do. This
may seem like an obvious choice, but it has profound implications, and in many models it
is not the chosen objective. Many efficient-coding models assume that the brain maximizes
the mutual information (MI) between stimulus and representation. This is not an objective
that corresponds in any obvious way to a goal one might have in everyday life; but it may
be a sensible general-purpose objective, appropriate in early sensory systems?. However,
a fixed objective such as MI implies that representations do not change when the observer’s
goal changes; but experimental evidence, presented below, suggests that they do.

A more flexible hypothesis is that representations are adapted to the task at hand.
Myriad tasks are conceivable; here we model a subset of them (Box 2). Each task induces
a loss, which can be expressed as a functional of the Fisher information, Ly, [I]. These
tasks are naturally organized using two indices. The first index, m € {1, 2}, is the number
of relevant stimuli in the task: m = 1 in estimation tasks, where the goal is to estimate
the stimulus magnitude z; m = 2 in choice tasks, where the goal is to choose the stimulus
x € {1, z.} with greater expected utility (often greater magnitude, in psychophysical
experiments). The second index, p > 0, determines how errors are penalized; in estimation
tasks, it indicates the p-norm error (see Box 2; below, unless otherwise specified, we consider
squared errors, i.e., p = 2). The loss also depends on the stimulus statistics, i.e., the prior.
We denote by L, ,[/] the loss function associated with a task characterized by m and p, in
the context of a prior f.

Box 2: A taxonomy of tasks, and corresponding loss functions

Different tasks imply different notions of error, and therefore different optimal repre-
sentations. In the small-noise regime, these task-dependent losses can be expressed
as functionals of the Fisher information, /(z).

Estimation tasks (m = 1, p = 2) A magnitude z is presented and the observer
must report it as accurately as possible. For the sake of simplicity we use the term
estimation task to refer specifically to the case of squared-error loss. In the small-noise
regime, the mean squared error is approximately the inverse of the Fisher information
(see Box 1, Eq. 2). The expected loss is then

1 [ f(z)
Legt|l] = = | ——=duz.
Other p-norm error metrics lead to the same structure but with 1/1(z)?/2.

Discrimination tasks (m = 2) These tasks involve comparing two magnitudes.
Because performance depends on pairs of stimuli, the relevant prior is the joint
probability of drawing two nearby magnitudes (z = y), which is f(z)f(y) ~ f(z)*.

Choice tasks (p = 2). Two magnitudes are presented; the observer chooses one;
and the reward equals the chosen magnitude (or is proportional to it). Errors are




therefore more costly when the difference is large, and less so when the two options
are similar. In the small-noise regime, this yields®

fx

[E

(6)

chozce

Classification tasks (p = 1). If instead a fixed reward is given for correctly identifying
the greater of two magnitudes, all mistakes are penalized equally. In that case,”

_ [ @)
LclasS[[] - / mdx (7)

We emphasize that unlike choice tasks, confusing two nearly equal magnitudes is
just as costly as any other error.

A common family These examples can be unified in the family*

Lymoll] = ]19 / %dx. (8)

The index m reflects how many stimuli jointly matter for the objective (m = 1 for
estimation, m = 2 for discrimination), while p reflects how strongly errors are
penalized.

Mutual-information objective A commonly used alternative in efficient-coding
models is to maximize the mutual information between stimulus and representation.
If the representation consists of n signals, one has in the large-n limit™

MI(X,R) = /f VIn I(z) de + H(X) — %ln(Zﬂe) +o(1), (9)

where H(X) is the entropy. This corresponds to the limiting case

LM] = lim — / f p/2 (10)

p—0 p
i.e., m = 1and p — 0 within the same family.
These different objectives imply different optimal allocations of representational

resources across stimuli. As a result, the same stimulus may be encoded with different
precision depending on the task, leading to distinct patterns of variability and bias.

Capacity constraint We have assumed that the encoding results from the accumulation
of n samples. Each sample brings information about the stimulus, x, and helps minimize



the loss; but we posit a limit on the information /; () provided by a sample. Specifically,

we assume the constraint
/\/Il(x)dx <VK. (11)

This constraint is used elsewhere?**?2%; we explain in Box 1 why it is a natural one.

Informally, it means that the encoding cannot be precise about all stimuli. It can be seen as
a constraint on a “precision budget’ (notwithstanding the possibility of sampling several
times, to which we turn below). For instance, if the encoding is carried by a single Poisson
neuron with a monotonic tuning curve, this constraint is equivalent to assuming an upper
bound on its firing rate.

Sampling cost We posit that each sample comes with a cost. This could represent, for
instance, the energy required to fire action potentials**~*; it can also be construed more
theoretically as an opportunity cost corresponding to the loss incurred in all other tasks by
employing resources in this particular one**. Here we posit that the cost of one sample is

A, and thus the cost of n samples is An.

Optimization problem and solution Putting together these ingredients yields an efficient-
coding problem in which the observer chooses how to allocate encoding precision across
stimuli, and how many samples to collect, so as to minimize the task loss under a sampling
cost and a constraint on feasible encoding schemes (Box 3). The resulting optimal Fisher
information, for task losses of the form Ly, ,[/], is*®

f<x>’ytu.sk
I(z) = —4— (12)
Cfﬂmp
where 9
m
Vtask = m, (13)

and Cy,, , is a constant (see Box 3).

This shows, first, that the encoding should be more precise for more frequent stimuli:
encoding resources ‘spread out” across the stimulus space according to the relative frequen-
cies of stimuli—a typical prediction of efficient coding. Second, the Fisher information
depends not only on the prior but also on m and p: i.e., the representation depends on the
task. We now present laws of psychophysics that follow from Eq. 12.

Box 3: Endogenous efficient coding

Combining the task loss (Box 2), the capacity constraint (Eq. 11), and the cost of
sampling yields the optimization problem®

min Ly, ,[n;] + An subject to / VIL(z)dz < VK. (14)

n,l1




The optimal encoding takes the form

f(l,)%ask 2m

where ask = ——, 15
Vtask Pt (15)

I(x) =

Cf,m,p ’

and where (Y, , does not depend on = (see Supplemental Information).

Efficient coding The dependence I(x) o f(x)"=+ reflects the efficient allocation
of precision across stimuli: more frequent stimuli are encoded more precisely. The
exponent 7, determines how concentrated this allocation is. Larger values of 7,
place relatively more precision on the most frequent stimuli, while smaller values
spread precision more evenly across the stimulus space. Because 7,5 depends on
(m, p), the optimal allocation of precision is task-dependent (see Law #1).

Endogenous precision The number of samples n depends on the prior, and is
therefore part of the optimal solution. For instance, with a uniform prior of width
w, one obtains n « w in estimation tasks, and n ~ /w in choice tasks: broader
ranges lead to more samples. Why should that be the case? As the prior widens
and encoding resources are increasingly spread thin, errors get larger as well; to
mitigate this, it is optimal to ‘pay’ more in encoding resources (i.e., to increase n).
This endogenous adjustment of n underlies the sublinear scaling of imprecision
(Law #1), and the quantile invariance of the bias (Law #4). We note that the resulting
sublinear scaling means that representations are relatively more precise with wider
priors. This implies, for instance, that the scale used to communicate a quantity may
affect the precision with which it is perceived.

Laws of psychophysics

e Law #1: task-dependent sublinear scaling of imprecision.

Because encoding resources are costly and must be allocated across stimuli, wider priors
yield greater imprecision. But how the imprecision scales with the prior width depends
on the observer’s objective, i.e., on the task. For uniform priors of width w, one obtains
I(x) o< 1/w in estimation tasks and I(z) oc 1/w?/? in choice tasks. Therefore the standard
deviation of estimates in estimation tasks and the discrimination threshold in choice tasks
verify, respectively, the following laws first derived by Prat-Carrabin & Woodford **:

Oest X VW, (16)
and o npice < WA (17)
These laws relate the scale of the internal imprecision to the scale of the prior. The scaling

is sublinear, and task-dependent: if the prior width doubles, the imprecision is multiplied
by /2 ~ 1.41 in estimation tasks, and by 2%/ 2~ 1.68 in choice tasks. These theoretical pre-



dictions are verified quantitatively in numerosity estimation, motion-direction estimation,
numerosity discrimination, and risky choice®** (Fig. 1a,b, Key Figure).

Several lessons can be drawn from these results. First, representations adjust to chang-
ing priors, suggesting that efficient coding is dynamic rather than fixed to a long-run
prior. This is consistent with evidence of prior sensitivity in perceptual tasks involving
orientations, colors, shapes, and numerosity>***°. Second, representations depend on the
task. This is consistent with evidence that sensory encoding is sensitive to reward struc-
ture®*%, and more generally that task demands shape representations®*¢. Psychophysical
measurements such as JNDs or biases are therefore not intrinsic, immutable characteristics
of subjects, but can vary with the objective of the observer, and the JND measured in one
task may not equal the JND measured in another task. Third, perhaps counter-intuitively,
the scaling is sublinear (by contrast, ‘range normalization’ models>”~*" predict proportion-
ality, o o< w). The reason is that the optimal number of signals, n, also grows with the
prior width, thereby increasing the precision, partially compensating for the spreading
of precision over a wider range (see Box 3). More generally, precision is a property of
the brain’s representations that is endogenously chosen to optimally adapt to context. A
similar idea has been proposed in a model of intertemporal choice®'.

e Law #2: task-dependent generalized Weber’s law.

Above we considered how the encoding changes across priors of different sizes. We now
turn to its variations across stimuli. We consider priors in the ‘shifted power law” family,
i.e., with density f(z) « 1/(xz + d)®. For these priors we obtain (see Egs. 2 and 12) the
generalized Weber’s law:

o(z) o (x + d)zo7ask, (18)

In discrimination tasks, where o is interpreted as the discrimination threshold, Weber’s
law corresponds to a proportionality relationship (o(z) « z). Its generalization as in Eq. 18
accounts very well for discrimination data across different sensory modalities”*. Here we
thus provide an efficient-coding rationale for Weber’s law (see also Ref. 73). Two further
predictions follow: the scaling relationship is determined by the shape of the prior (via
a and d), and by the task (via Y451 = I%) For several sensory modalities, studies have
successfully modeled the prior as a generalized power law, and the encoding as a Fisher
information proportional to a power of that prior?**’, consistent with the model above over
several orders of magnitude (Fig. 1c). But a careful examination of whether and how the
scaling of the imprecision quantitatively varies with the shape of the prior remains to be
conducted.

Similarly, to our knowledge a direct test of the sensitivity to the task has not been
conducted. A prediction is that in choice tasks (Venoice = 4/3) the imprecision should
increase with the magnitude faster than in estimation tasks (v.ss = 2/3). This calls for
experiments directly comparing the two tasks, with the same sensory modality (and the
same prior). In the studies just mentioned, the operating hypothesis is that the encoding
maximizes the MI, corresponding to v,;; = 2 (m = 1 and p — 0; the exponent v = 1/2,
also tested, poorly fits the data®®). But the same exponent—thus the same allocation
of precision, and thus the same perceptual behavior—is obtained in classification tasks
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Law #1: task-dependent sublinear scaling of imprecision
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Fig. 1: Key Figure. Laws of psychophysics derived from endogenous efficient coding.
a. Response variance increases linearly with the prior width in a numerosity estimation
task® (top panel) and in a motion direction estimation task** (random dot kinematograms
with different levels of coherence; bottom panel). (caption continued on next page)

min Lygsi[nl1] + An subject to

n,1l1



Fig. 1: (cont.) b. Choice probabilities under priors of different widths in a numerosity
discrimination task*® (top row) and in a risky choice task® (bottom row), as a function of
the absolute difference between the two options (left column), of this difference divided by
the prior width raised to the exponent 3/4 (middle column), and divided by the prior width
(right column). The first column shows that participants are less precise with the wider
priors, in absolute terms. The last column shows that, in relative terms, they are more precise
with the wider priors. The middle column shows that their imprecision scales as the prior
width to the power 3/4. c. Generalized Weber law: the prior (top panel) determines the
discrimination threshold (bottom panel; predictions (solid lines) are derived from priors
via Eq. 12 with v = 2). Priors and data analysis from Ref. 26; data for acoustic frequency,
auditory modulation frequency, and spatial frequency from Refs. 62-64 (crosses) and 65-67
(dots). d. Wei-Stocker law %®: the discrimination threshold for visual orientations® (middle
panel) increases where the bias® (bottom panel) is positive, and it decreases where the
bias is negative. The discrimination threshold moreover reflects the prior”° (top panel)
and is lowest for the more frequent orientations, consistent with efficient coding. e. Bias
as a function of the centered, normalized stimulus (z — p)/w in estimation tasks, with
numerosity** and motion direction* where the prior width, w, is manipulated (top row),
and with distance and angle”! where the prior center, y, is manipulated (bottom row).

(m = 2, p = 1, and thus 7.5 = 2; see Box 2). The data are thus consistent both with
MI maximization, and with the minimization of a classification-task loss, since v,;; =
Yelass = 2 (experimental reports, unfortunately, rarely specify the actual reward structure).
Disentangling these explanations would require manipulating experimentally the loss
function and observing the resulting perceptual decisions. Some results mentioned above
suggest that the encoding is task-sensitive >3, but more direct tests are warranted to
ascertain whether representations are generally adaptive, or whether some sensory systems
invariably maximize the MI, regardless of the context.

Bias of the Bayesian mean

Imprecision generates variability, but also biases: a Bayesian decoder, typically, is biased by
the prior toward more frequent stimuli, but it is also biased by the specifics of the encoding.
Consider the Bayesian-mean estimator (which is optimal for estimation and choice tasks).
In the small-noise regime, when a series of independent (but not necessarily identically-
distributed) signals encode the stimulus z, the bias of the Bayesian mean, E[Z — z|z], is

approximately?
: L [fiz)  I'(z)

viaste) = i | 57~ 7 ) (19)
A generalization exists for the optimal p-norm loss decoder, under assumptions on the
encoding”. The scaling term is the inverse Fisher information: more precise representations
yield smaller biases. The term f’/f is a “prior effect” which pulls estimates toward more
frequent stimuli. Perhaps less intuitive, the ‘encoding effect’, —1’/I, pulls the Bayesian
mean toward the less-precisely encoded stimuli. We illustrate this in Fig. I (Box 1).
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As we have seen, if the encoding is optimally adapted to the prior and to the task, then
the Fisher information is proportional to a power 7,4 of the prior (Eq. 12), and thus the
encoding effect is proportional, but opposite, to the prior effect, i.e., —I'/1 = — Y05 (f'/ f)-
Depending on 7,4k, i-e., on the specifics of the task, the encoding effect may dominate,
thus accounting for ‘anti-Bayesian’ biases®*, directed toward the less probable stimuli.
Furthermore, the bias depends on the variations of the Fisher information, and therefore
on the variations of the imprecision; we now turn to this relationship.

e Law #3: Wei & Stocker law relating bias and imprecision.

The expressions of the bias (Eq. 19) and of the optimal Fisher information (Eq. 12) imply
a relationship between the bias and the derivative of the imprecision. Before detailing
this relationship, we note that for a given sensory modality, different behavioral measures
may be determined with different tasks, e.g., biases with estimation tasks, and JNDs with
discrimination tasks. But as noted above, these measures depend on the tasks themselves.
Thus in order to make a precise statement about the relation between bias and imprecision,
we consider the case in which the former, bias,, is measured in a task with exponent -,
while the latter, 0./, is measured in a task with exponent 4. Equations 12 and 19 imply:

: d /
bias,(x) = Ca o ()27 (20)

where C is a constant (see Supplemental Information).

Wei & Stocker demonstrate that this relationship enjoys qualitative experimental support
across many sensory modalities®. Specifically, they find that alternations in the sign of
the bias coincide with alternations in the variations of the imprecision—which themselves
coincide with alternations in the variations of the prior (see Fig. 1d). They formulate a
version of this law, bias(z) o< Lo?(z), which implicitly assumes that bias and imprecision
are measured with the same task, although the results they report rely on many studies
with different experimental protocols.

Empirically, the data suggest a positive coefficient for most modalities, though not al
But if the encoding is optimized to a squared-error loss in the task measuring the bias, then
Eq. 20 predicts a negative coefficient instead (see Supplemental Information). This suggests
that participants may not minimize the squared error, in these studies. We note that in none
of them is the reward tied to the estimation error, and in most cases participants receive
no feedback (which would allow them to learn the objective of the task). Most of these
tasks are matching tasks (‘method of adjustments’); recent work suggests that behavior in
such tasks is better captured by an objective that includes a categorical-loss component, in
addition to an error term”. This may yield a different optimal allocation of precision, and
thereby a different sign of the coefficient. Another possibility, as noted above, is that some
low-level sensory systems implement a fixed objective, such as MI maximization, rather
than adapting to the task. Distinguishing between these explanations will require carefully
designed experiments in which the objective is explicitly manipulated and controlled.

168,

13



e Law #4: Quantile invariance of the bias.

Finally, we note a ‘quantile invariance’ property of the bias, for location-scale families of
priors parameterized by a location, 1, and a scale, w. In estimation tasks, the bias is then a
function of the quantile of the magnitude, and not of the specific prior. Specifically, Egs. 12
and 19 entail:

bias,.(v) = B(*F), (21)

where (3(.) does not depend on the prior.

Consider two priors with different scales, w # w'. Quantile invariance implies that the
bias for a magnitude 2w away from the mean, under the first prior, equals the bias for a
magnitude 2w’ away from the mean, under the second prior. This property appears verified
in numerosity and orientation estimation data*** (Fig. 1e, top row). This invariance is not
trivial, and follows from the endogenous adjustment of precision (modeled as the ability
to choose the number of samples, n). If the imprecision increased linearly with the scale of
the prior, the bias for a given quantile would also increase linearly; instead, the sublinear
increase (Law #1) makes the bias invariant across priors.

Similarly, with priors that differ only in location (x # p/ but w = w'), the bias is
predicted to depend only on the quantile (equivalently, on the relative location x — p). This
is roughly consistent with magnitude estimation experiments that test ranges of equal size,
but shifted”® (Fig. 1e, bottom row).

Flexible neural representations

The endogenous efficient-coding theory has important implications for neural coding.
Notably it implies that the neural code is not static: when the prior changes, neural resources
should reorganize accordingly. In the brain, most magnitudes are encoded by vast networks
of neurons with bell-shaped tuning curves, each characterized by its “preferred stimulus’
(i.e., the stimulus to which a neuron maximally reacts). The hypothesis of distributed
range adaptation posits that the distribution of neurons’ preferred stimuli flexibly “stretches’
to match the current prior (Fig. 2a,b). Consistent with this prediction, a recent fMRI study
shows that when the prior changes, the receptive fields of numerosity-sensitive parietal
populations collectively shift their preferred numerosities, thereby efficiently covering the
stimulus space® (Fig. 2). These neural changes, moreover, are predictive of corresponding
changes in behavior. A similar flexible coding has been reported for the representation of
time in the rat’s striatal and hippocampal populations”””. Such adaptive coding may be
implemented through context-dependent gain modulation in recurrent sensory networks*.
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Fig. 2: Distributed range adaptation in neural tuning. The hypothesis of distributed range
adaptation posits that when stimuli statistics change from a uniform prior to another (a),
tuning curves collectively shift to efficiently cover the range of the current prior (b). This
implies a linear relationship between the neurons’ preferred stimuli under the two priors
(c), which was verified quantitatively in fMRI data collected in a numerosity estimation
task® (d). This illustrates neural populations dynamically implementing efficient coding
(Eq. 12).

Box 4: Imprecision shapes behavior

The consequences of imprecision are not limited to noise that averages out. Because
reasoning involves nonlinear transformations of information, imprecision generates
deviations from optimality in complex ways. We illustrate three cases.

Primacy and recency effects These well-known effects can be explained by a single
mechanism of Bayesian estimation. In sequential averaging tasks, participants es-
timate the average of a sequence of numbers. Assuming they maintain a running
estimate of the average which they update every time they see a new number, they
need to keep track of the number of observations seen thus far to determine how much
weight to assign to the new number, in the updated average. If their memory is
imperfect, they are only able to imprecisely estimate this count; typically, a Bayesian
observer will overestimate small counts and underestimate larger ones (Fig. Ia, left
panel). This alone generates primacy and recency effects in the weights assigned
to the successive numbers, on the basis of these imprecise counts” ™ (Fig. Ia, right
panel).
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Fig. I: From imprecision to bias. a. Imprecision in estimating the number of observa-
tions seen (left) yields primacy and recency effects (right) in a sequential averaging
task”®. b. The order of presentation of safe and risk options impacts risky choices”.
c. Inference under a cost on the precision of beliefs results in subtle patterns of attrac-

tive and repulsive effects of past observations on current predictions®'.

Risk attitude When offered a ‘safe’ (certain) option or a ‘risk” one (a lottery),
participants’ choices depend on whether the risk option is presented first or second.
If it is presented first, participants are more risk-seeking when values of options are
low, and more risk-averse when they are high (Fig. Ib). This is readily explained
if one assumes that the option presented first is less well remembered, and is thus
estimated with a stronger ‘central tendency’, inflating lower values and depreciating
higher ones’. More generally, many patterns of risk attitude are explained by models
of cognitive imprecision, supported by neurophysiological evidence'=~7#2,

Inference Inferring the process generating observations enables making better
predictions. With sequences of Bernoulli signals, Bayesian beliefs converge, but the
predictions of human participants fluctuate with the recent history of observations.
Counter-intuitively, predictions in some cases are biased away from past observations
(Fig. Ic), a repulsive effect captured by a model of inference under a cost on the
precision of representations®!. More generally, constraints on the computational
resources required to represent beliefs and conduct Bayesian inference seem to
underlie many seemingly suboptimal behavioral patterns®—°.

Concluding Remarks

All cognitive models make assumptions about representations. Many posit precise rep-
resentations and build elaborate suboptimal decision processes on top of them. Given
that representations are necessarily imperfect, a sensible alternative is to consider instead
optimal reasoning on the basis of imperfect representations. Box 4 illustrates successful ex-
amples of this approach, where long-known behavioral patterns (e.g., primacy and recency
effects) are readily explained by optimal decision-making over imprecise representations

Under this view, understanding cognition begins with identifying representations. We

have argued that representations themselves are optimal, considering the context and
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resource constraints—with the immediate implication that representations are context-
dependent. Explicitly identifying the constraints is crucial, and turns qualitative ideas into
quantitative, testable predictions. Here we have done so by drawing on the neuroscientific
literature on neural representations of magnitudes. The resulting theory is thus grounded
in observable neural activity (Fig. 2), and has implications for both cognition and neural
coding.

More broadly, combining first principles with empirical input from the neuroscience
of perception provides a path toward a neurocognitive theory of representations, itself a
foundation for a theory of human decision-making. We venture that this approach will
remain fruitful as it is extended beyond simple magnitudes to richer forms of information
(see Outstanding Questions).

Outstanding Questions

How does the framework extend to multiple or multi-dimensional variables? In
higher dimensions, representational resources must be shared across variables: how
is precision jointly allocated, and how are trade-offs resolved?

On what timescales do representations adapt to the prior and to the task? In some
settings a linear encoding is optimal (e.g., numerosity estimation with uniform pri-
ors), yet a logarithmic encoding, presumably adapted to a long-term prior, provides
a better fit of behavioral data. This suggests that some components of the encoding
may be slow to adapt. One possibility is that the structure of the encoding across
stimuli (here, [,(x)) is relatively stable, while its overall precision (n) adjusts more
rapidly.

How are beliefs represented under resource constraints? What objective governs
their representation? What are the behavioral consequences of imprecise beliefs, and
how does such imprecision in beliefs affect inference and learning?

What are the resource constraints, and what is the representational geometry for
cognitive variables that are not simple magnitudes but instead structured objects in
richer spaces (e.g., semantic categories, relational knowledge)?

How do encoding constraints relate to, or interact with, memory limitations? How
do they shape the fidelity and structure of stored representations?

We have interpreted n as the number of samples, but what does it correspond to
mechanistically, and can it be measured? It may reflect, for instance, the duration of
sampling or the number of neurons recruited.

Do early sensory representations adapt to task demands, or do they implement a fixed
objective such as mutual information maximization for a long-term prior? Where
along the processing hierarchy do representations become task-dependent?
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Glossary

Bias Systematic deviation of estimates from the true value (E[z — z|z]). It arises
from prior expectations, but also from variations in the encoding precision (Eq. 19
and Box 1).

Choice task A task in which two magnitudes are presented and the observer selects
one, with a reward proportional to the chosen magnitude (Box 2).

Classification task A task in which the observer identifies the greater of two mag-
nitudes and receives a fixed reward for a correct response, independently of the
magnitude difference (Box 2).

Distributed range adaptation A form of adaptive neural coding in populations of
sensory neurons, in which the distribution of neurons’” preferred stimuli scales to
match the current prior, so that the population efficiently covers the relevant range
of stimuli (Fig. 2).

Efficient coding The principle that representations are optimized under constraints,
typically allocating more precision to more relevant or more frequent stimuli (Eq. 12,
Box 3).

Estimation task A task in which a single magnitude is presented and the observer
reports it as accurately as possible (Box 2).

Fisher information A measure of the precision of an encoding (Box 1). In the
small-noise regime, it is inversely related to the variance of estimates, and it is an
important component of the bias (Eq. 19).

Mutual information A measure of statistical dependence between stimulus and
representation, often used as a general-purpose objective in efficient-coding models
(Box 2).

Prior The probability distribution over stimuli ( f(z)), reflecting their frequency or
expected occurrence in a given context.

Tuning curve The average response of a neuron as a function of the stimulus it
encodes (Fig. 2).

Weber’slaw The empirical observation that discrimination thresholds scale approx-
imately proportionally to stimulus magnitude, implying constant relative precision.
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